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a b s t r a c t
New traveling wave solutions of the generalized Degasperis–Procesi equation are
investigated. The solutions are characterized by three parameters. Using an improved
qualitative method, abundant traveling wave solutions, such as smooth waves, peaked
waves, cuspedwaves, compactedwaves, loopedwaves and fractal-likewaves, are obtained.
Especially, some strange composite wave solutions such as towered waves and their anti-
waves are first given. We also study the limiting behavior of all periodic solutions as the
parameters trend to some special values.
Crown Copyright© 2011 Published by Elsevier Ltd. All rights reserved.
1. Introduction
The Degasperis–Procesi (DP) equation
ut − uxxt + 4uux = 3uxuxx + uuxxx (1.1)
was derived as amember of a one-parameter family of asymptotic shallowwater approximations to the Euler equations [1].
Since its discovery, abundant solutions of the DP equation have been given by several authors: periodic and solitary wave
solutions were obtained by Vakhnenko and Parkes. Some smooth, peaked and exotic traveling wave solutions such as
cuspons, stumpons were determined by Lenells [2]. A new type of bounded waves were obtained by Chen and Tang [3].
The cusp and loop soliton solutions were given by Matsuno [4]. The periodic and solitary wave solutions are obtained
by Vakhnenko and Parkes [5]. In [6–10], the authors studied the property of solutions in the DP equation and its relative
equations.
In this paper, we study the existence of traveling waves in a generalized DP equation formed as
ut − uxxt + auux + γ uxxx = b(3uxuxx + uuxxx). (1.2)
Clearly, for the special values of parameters, Eq. (1.2) turns out to be a completely integrable PDE. In fact, when
a = 4, b = 1 and γ = 0, it becomes the DP equation.
The purpose of this paper is to study the existence of traveling wave solutions of (1.2) in every parameter region of the
parameter space by developing the method in [2]. Our method has the following aspects: the parameter space is divided in
further elements. More solutions are considered. Especially, some strange composite wave solutions in the weak solution
sense are constructed such as towered waves. The limiting behavior of all periodic solutions is also considered.
This paper is organized as follows. In Section 2, we give the definition of a weak solution and the main theorems. In
Section 3, the proof of the theorems is given. The final section is the conclusion.
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2. Main results
For a traveling wave u(x, t) = φ(x− ct), Eq. (1.2) takes the form
− cφx + cφxxx + aφφx + γφxxx = b(3φxφxx + φφxxx), (2.1)
where c is the wave speed. It is easy to find that, if φ(x− ct) is a traveling wave solution of Eq. (2.1), another traveling wave
−φ[−(x − ct)] is also a solution of (2.1) with c replaced by −c. Therefore, we will only consider traveling wave solutions
with a positive speed c > 0.
By integrating with respect to x, (2.1) is equivalent to the following integrated form
− cφ + a
2
φ2 = b
2

φ − γ + c
b
2
xx
+ α, (2.2)
where α is an integral constant. Eq. (2.2) makes sense for all φ ∈ H1loc(R). The following definition is therefore natural.
Definition 2.1. A function φ ∈ H1loc(R) is a traveling wave solution of Eq. (1.2) if φ satisfies (2.2) in distribution sense for
some α ∈ R.
By Definition 2.1 and Lemmas 4 and 5 in [2], we can give the following definition of weak traveling wave solutions.
Definition 2.2. Anybounded functionφ belongs toH1loc(R) and is a travelingwave solution of Eq. (1.2)with 4bc−ac−aγ = 0
if and only if satisfying the following two statements:
(A) There are disjoint open intervals Ei, i ≥ 1, and a closed set C such thatR\C =∞i=1 Ei, φ ∈ C∞(Ei) for i ≥ 1, φ(x) ≠ 4ca
for x ∈∞i=1 Ei and φ(x) = 4ca for x ∈ C .
(B) There is an α ∈ R such that
(i) For each α ∈ R, there exists β ∈ R such that
φ2x = F(φ), x ∈ Ei (2.3a)
where
F(φ) =
a
4b

φ − 4ca
2 
φ2 − 4αa
+ β
φ − 4ca
2 (2.3b)
and φ → 4ca , at any finite endpoint of Ei.
(ii) If C has strictly positive Lebesgue measure µ(C) > 0, we have α = 4c2a .
We state our five main theorems as follows.
Theorem 2.1. When a > 0 and b > 0, the traveling wave solutions φ(x − ct) of Eq. (1.2) are smooth except at points where
φ = 4ca .
(a) If α ≤ − c22a , for any β , there are no bounded traveling wave solutions.
(b) If − c22a < α < 0, for β ∈ (β2, β1), there exists a smooth periodic wave solution. Moreover, as β ↑ β1, the smooth periodic
wave solution converges to a smooth solitary wave solution with decay (see Fig. 1.)
(c) If α = 0, for β ∈ (β2, 0), there exists a smooth periodic wave solution φ. Moreover, as β ↑ 0, the smooth periodic wave
solution φ converges to a peaked solitary wave solution where φ1 = 0.
(d) If 0 < α < 4c
2
a , we have
(i) For β ∈ (β2, 0), there exists a smooth periodic wave solution φ. Moreover, as β ↑ 0, the smooth periodic wave solution
φ converges to a peaked periodic wave solution.
(ii) For β ∈ (0, β1), there exists a cusped periodic wave solution φ. Moreover, as β ↑ β1, the cusped periodic wave solution
φ converges to a cusped wave solution with decay.
(e) If α = 4c2a , for β ∈ (0, β1), there exists a cusped periodic wave solution φ. Moreover, as β ↑ β1, the cusped periodic wave φ
converges to a cusped wave solution with decay.
(f) If α > 4c
2
a , we have
(i) For β ∈ (0, β2), there exists a looped periodic wave solution. Moreover, as β ↑ β2, the looped periodic wave solution
converges to an anti-looped wave solution with decay.
(ii) For β ∈ (β2, β1), there exists a cusped periodic wave solution. Moreover, as β ↑ β2, the cusped periodic wave solution
converges to a cusped wave solution with decay.
Theorem 2.2. When a > 0 and b < 0, the traveling wave solutions φ(x − ct) of Eq. (1.2) are smooth except at points where
φ = 4ca .
(a) If α ≤ − c22a , for β > 0, there exists a smooth looped periodic wave solution.
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(a) Smooth solitary wave. (b) Anti-wave. (c) Peaked solitary waves. (d) Anti-wave.
(e) Cusped solitary wave. (f) Anti-wave. (g) Looped solitary waves. (h) Anti-wave.
(i) Compacted solitary wave. (j) Anti-wave. (k) Towered wave. (l) Anti-wave.
(m) Fractal-like waves.
Fig. 1. Traveling waves in Eq. (1.2).
(b) If − c22a < α < 0, we have the following.
(i) For β ∈ (0, β1], there exists a looped periodic wave solution.
(ii) For β ∈ (β1, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as β ↑ β2,
the looped periodic wave solution converges to a looped wave solution with decay and the smooth periodic wave solution
converges to an anti-smooth wave solution with decay.
(iii) For β > β2, there exists a smooth looped periodic wave solution.
(c) If α = 0, we have
(i) For β ∈ (0, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as β ↑ β2,
the looped periodic wave solution converges to a looped wave solution with decay and the smooth periodic wave solution
converges to an anti-smooth wave solution with decay.
(ii) For β > β2, there exists a smooth looped periodic wave solution.
(d) If 0 < α < 4c
2
a , we have
(i) For β ∈ (β1, 0], there exists a looped periodic wave solution.
(ii) For β ∈ (0, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as β ↑ β2,
the looped periodic wave solution converges to a looped wave solution with decay and the smooth periodic wave solution
converges to an anti-smooth wave solution with decay.
(iii) For β > β2, there exists a smooth looped periodic wave solution.
(e) If α = 4c2a , we have
(i) For β ∈ (β1, 0), there exists a smooth periodic wave solution. Moreover, as β ↑ 0, the smooth periodic wave solution
converges to an anti-compacted solitary wave solution.
(ii) For β > 0, there exists a smooth looped periodic wave solution.
(f) If α > 4c
2
a , we have the following.
(i) For β ∈ (β1, β2], there exists a smooth periodic wave solution.
(ii) For β ∈ (β2, 0), there exist two types of smooth periodic wave solutions. Moreover, as β ↑ 0, the two smooth periodic
wave solutions converge to peaked periodic wave solution and anti-peaked periodic wave solution.
(iii) For β > 0, there exists a smooth looped periodic wave solution.
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Theorem 2.3. When a < 0 and b > 0, the traveling wave solutions φ(x − ct) of Eq. (1.2) are smooth except at points where
φ = 4ca .
(a) If α ≥ − c22a , for β > 0, there exists a smooth looped periodic wave solution.
(b) If 0 < α < − c22a , we have
(i) For β ∈ (0, β1], there exists a looped periodic wave solution.
(ii) For β ∈ (β1, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as β ↑ β2,
the looped periodic wave solution converges to a looped wave solution with decay and the smooth periodic wave solution
converges to an anti-smooth wave solution with decay.
(iii) For β > β2, there exists a smooth looped periodic wave solution.
(c) If α = 0, we have the following.
(i) For β ∈ (0, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as β ↑ β2,
the looped periodic wave solution converges to an anti-looped wave solution with decay and the smooth periodic wave
solution converges to a smooth wave solution with decay.
(ii) For β > β2, there exists a smooth looped periodic wave solution.
(d) If 4c
2
a < α < 0, we have the following.
(i) For β ∈ (β1, 0], there exists a looped periodic wave solution.
(ii) For β ∈ (0, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as β ↑ β2,
the looped periodic wave solution converges to an anti-looped wave solution with decay and the smooth periodic wave
solution converges to a smooth wave solution with decay.
(iii) For β > β2, there exists a smooth looped periodic wave solution.
(e) If α = 4c2a , we have
(i) For β ∈ (β1, 0), there exists a smooth periodic wave solution. Moreover, as β ↑ 0, the smooth periodic wave solution
converges to a compacted solitary wave solution.
(ii) For β > 0, there exists a smooth looped periodic wave solution.
(f) If α < 4c
2
a , we have the following.
(i) For β ∈ (β1, β2], there exists a smooth periodic wave solution.
(ii) For β ∈ (β2, 0), there exist two types of smooth periodic wave solutions. Moreover, as β ↑ 0, the two smooth periodic
wave solutions converge to peaked periodic wave solution and anti-peaked periodic wave solution.
(iii) For β > 0, there exists a smooth looped periodic wave solution.
Theorem 2.4. When a < 0 and b < 0, the traveling wave solutions φ(x − ct) of Eq. (1.2) are smooth except at points where
φ = 4ca .
(a) If α ≥ − c22a , for any β, F(φ) is decreasing for φ < 4ca or φ > 4ca . Hence there are no bounded traveling wave solutions.
(b) If 0 < α < − c22a , for β ∈ (β2, β1), there exists a smooth periodic wave solution φ. Moreover, as β ↑ β1, the smooth periodic
wave solution φ converges to an anti-smooth wave solution with decay.
(c) If α = 0, for β ∈ (β2, 0), there exists a smooth periodic wave solution φ. Moreover, as β ↑ 0, the smooth periodic wave
solution φ converges to an anti-peaked solitary wave solution where φ1 = 0.
(d) If 4c
2
a < α < 0, we have the following.
(i) For β ∈ (β2, 0), there exists a smooth periodic wave solution φ. Moreover, as β ↑ 0, the smooth periodic wave solution
φ converges to an anti-peaked periodic wave solution.
(ii) For β ∈ (0, β1), there exists an anti-cusped periodic wave solution. Moreover, as β ↑ β1, the cusped periodic wave
solution converges to an anti-cusped wave solution with decay.
(e) If α = 4c2a , for β ∈ (0, β1), there exists an anti-cusped periodic wave solution φ. Moreover, as β ↑ β1, the cusped periodic
wave φ converges to an anti-cusped wave solution with decay.
(f) If α < 4c
2
a , we have the following.
(i) For β ∈ (0, β2), there exists a looped periodic wave solution. Moreover, as β ↑ β2, the looped periodic wave solution
converges to a looped wave solution with decay.
(ii) For β ∈ (β2, β1), there exists an anti-cusped periodic wave solution. Moreover, as β ↑ β2, the cusped periodic wave
solution converges to an anti-cusped wave solution with decay.
Theorem 2.5. On the basis of the above four theorems, if µ

φ−1
 4c
a
 = 0, there exist some composite waves such as the
traveling waves with a fractal appearance. If µ

φ−1
 4c
a

> 0 and α = 4c2a , there exist very strange composite waves which
contain intervals such as towered waves.
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3. Proof of theorems
It is necessary to point out that every traveling wave solution satisfying (A) and (B) in Definition 2.2 is smooth except
at points where φ = 4ca . Furthermore, if we find some solutions of Eq. (2.3) for different intervals E and different values of
α and β , then we can combine those obtained solutions which defined on intervals whose union is R \ C for some closed
set C of measure zero. According to Definition 2.2, the obtained solution, defined on R, is a weak traveling wave solution of
Eq. (1.2) if and only if all wave segments satisfy Eq. (2.3) with the same α. Moreover, if we allow µ(C) > 0 for α = 4c2a , this
method will give us all solutions satisfying (A) and (B).
Now we will study the qualitative behavior of solutions to φ2x = F(φ) near points where F has a zero or a pole. Applying
this to the F in (2.3), we will determine the traveling wave solutions of Eq. (1.2) which satisfy (A) and (B) in Theorem 2.1.
To determine the solutions of
φ2x = F(φ), x ∈ E, (3.1)
where F(φ) > 0, we make the following observations:
(1) If F(φ) has a simple zero at φ = m, that is F(m) = 0, F ′(m) ≠ 0. Then the solution φ to Eq. (3.1) satisfies
φ2x = (φ −m)F ′(m)+ O((φ −m)2) as φ → m
and φ(x) = m+ 1
4
(x− x0)2F ′(m)+ O((x− x0)4) as x → x0,
where φ(x0) = m. Thus φ has an extremum valuem at x = x0. Moreover, periodic smooth solutions of Eq. (3.1) exist if
F(φ) has two simple zeros z1, z2 and F(φ) > 0 for z1 < φ < z2, z1 = minx∈R φ(x), z2 = maxx∈R φ(x) and 4ca ∉ (z1, z2).
(2) If F(φ) has a double zero at φ = m, that is F(m) = 0, F ′(m) = 0, F ′′(m) ≠ 0.
Then the solution φ of Eq. (3.1) satisfies
φ2x = (φ −m)2F ′′(m)+ O((φ −m)3) as φ → m.
And φ(x)− m ∼ η exp −x√|F ′′(m)| as x →∞ for some constant η. Moreover, smooth solitary wave solutions exist
if F(φ) has a simple zero z1, a double zero z2 and F(φ) > 0 for z1 < φ < z2, z1 = minx∈R φ(x), z2 = maxx∈R φ(x) and
4c
a ∉ (z1, z2), where φ → z2 exponentially as x →±∞.
(3) If F(φ) has a double pole at φ = 4ca , then we have
φ(x) = η |x− x0|1/2 + O(x− x0), x → x0
and φx(x) =

2
3
η |x− x0|−1/3 + O((φ −m)1/3), x ↓ x0
−2
3
η |x− x0|−1/3 + O((φ −m)1/3), x ↑ x0,
where φ(x0) = 4ca and η is some constant. Particularly, if 4ca = maxx∈R φ(x) (or minx∈R φ(x)), we get limx↑x0 φx(x) =
− limx↓x0 φx(x) = ±∞. Then the function φ is called a cusped wave solution. If 4ca ∈ (minx∈R φ(x),maxx∈R φ(x)), then
the function φ is called a looped wave.
(4) Peaked waves occur when the evolution of φ according to Eq. (3.1) suddenly changes direction at φ = 4ca where
F(0) ≠ 0, φ(x0) = 4ca , i.e. limx↑x0 φx(x) = − limx↓x0 φx(x) ≠ ±∞.
(5) Compacted waves occur when the evolution of φ according to Eq. (3.1) suddenly stops and remains constant at φ = 4ca
where F(0) = 0.
(6) Anti-wave occurs when the value of exponential decay is maximal.
Now we apply the above analysis to
φ2x = F(φ) =
a
4b

φ − 4ca
2 
φ2 − 4αa
+ β
φ − 4ca
2 . (3.2)
For convenience, we define P(φ),Q (φ) and H(φ) by
P(φ) = a
4b

φ − 4c
a
2
Q (φ)+ β, where Q (φ) = φ2 − 4α
a
and
P ′(φ) = a
b
φH(φ), where H(φ) = φ2 − 2c
a
φ − 2α
a
.
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(a) a > 0, b > 0. (b)− c22a < α < 0, β ∈ (β2, β1). (c)− c
2
2a < α < 0, β ↑ β1 . (d) α = 0, β ∈ (β2, 0).
(e) α = 0, β ↑ 0. (f) 0 < α < 4c2a , β ∈ (β2, 0). (g) 0 < α < 4c
2
a , β ↑ 0. (h) 0 < α < 4c
2
a , β ∈ (0, β1).
(i) 0 < α < 4c
2
a , β ↑ β1 . (j) α = 4c
2
a , β ∈ (0, β1). (k) α = 4c
2
a , β ↑ β1 . (l) α > 4c
2
a , β ∈ (0, β2).
(m) α > 4c
2
a , β ∈ (β2, β1). (n) α > 4c
2
a , β ↓ β2 . (o) α > 4c
2
a , β ↑ β2 .
Fig. 2. The graph of P(φ) as a > 0, b < 0.
We then define φ1, φ2, β1 and β2 by
φ1 = c −
√
c2 + 2aα
a
, φ2 = c +
√
c2 + 2aα
a
,
β1 = − a4b

φ1 − 4ca
2
Q (φ1), β2 = − a4b

φ2 − 4ca
2
Q (φ2),
where φ1 and φ2 are roots of H(φ) = 0.
It is easy to find, if c2 + 2aα > 0 is satisfied, P(φ) has three distinct stationary points that occur at φ = φ1, φ = φ2 and
φ = 0, and comprise twominima separated by a maximum.We also find that F(φ) has the same zero points as P(φ) except
φ = 4c and F(φ) has the same sign as P(φ).
There are four important qualitatively cases depending on the values of α and β . (See Figs. 2–5.)
Case 1: a > 0, b > 0.
When a > 0 and b > 0, the graph of P(φ) has the following distribution.
Based on the above analysis, we have the following results.
(1) If α ≤ − c22a , for any β, F(φ) is decreasing for φ < 4ca or φ > 4ca . Hence there are no bounded traveling wave solutions of
Eq. (1.2).
(2) If − c22a < α < 0, for β ∈ (β2, β1), there exists a smooth periodic wave solution of Eq. (1.2). Moreover, as β ↑ β1, the
smooth periodic wave solution converges to a smooth wave solution with decay.
(3) If α = 0, for β ∈ (β2, 0), there exists a smooth periodic wave solution of Eq. (1.2). Moreover, as β ↑ 0, the smooth
periodic wave solution φ converges to a peaked solitary wave solution where φ1 = 0.
(4) If 0 < α < 4c
2
a , we have the following.
(i) For β ∈ (β2, 0), there exists a smooth periodic wave solution of Eq. (1.2). Moreover, as β ↑ 0, the smooth periodic
wave solution φ converges to a peaked periodic wave solution.
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(a) α ≤ − c22a , β > 0. (b)− c
2
2a < α < 0, β ∈ (0, β1]. (c)− c
2
2a < α < 0, β ∈ (β1, β2). (d)− c
2
2a < α < 0, β ↑ β2 .
(e)− c22a < α < 0, β > β2 . (f) α = 0, β ∈ (0, β2). (g) α = 0, β ↑ β2 . (h) α = 0, β > β2 .
(i) 0 < α < 4c
2
a , β ∈ (β1, 0]. (j) 0 < α < 4c
2
a , β ∈ (0, β2). (k) 0 < α < 4c
2
a , β ∈ (0, β2). (l) 0 < α < 4c
2
a , β > β2 .
(m) α = 4c2a , β ∈ (β1, 0). (n) α = 4c
2
a , β ↑ 0. (o) α = 4c
2
a , β > 0. (p) α >
4c2
a , β ∈ (β1, β2].
(q) α > 4c
2
a , β ∈ (β2, 0). (r) α > 4c
2
a , β ↑ 0. (s) α > 4c
2
a , β > 0.
Fig. 3. The graph of P(φ) as a > 0, b < 0.
(ii) For β ∈ (0, β1), there exists a cusped periodic wave solution of Eq. (1.2). Moreover, as β ↑ β1, the cusped periodic
wave solution φ converges to a cusped wave solution with decay.
(5) If α = 4c2a , for β ∈ (0, β1), there exists a cusped periodic wave solution of Eq. (1.2). Moreover, as β ↑ β1, the cusped
periodic wave φ converges to a cusped wave solution with decay.
(6) If α > 4c
2
a , we have the following.
(i) Forβ ∈ (0, β2), there exists a looped periodicwave solution.Moreover, asβ ↑ β2, the looped periodicwave solution
converges to an anti-looped wave solution with decay.
(ii) For β ∈ (β2, β1), there exists a cusped periodic wave solution. Moreover, as β ↓ β2, the cusped periodic wave
solution converges to a cusped wave solution with decay.
Case 2: a > 0, b < 0.
When a > 0 and b < 0, the graph of P(φ) has the following distribution.
Based on the above analysis, we have the following results.
(1) If α ≤ − c22a , for β > 0, there exists a smooth looped periodic wave solution.
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(a) α ≥ − c22a . (b) 0 < α < − c
2
2a , β ∈ (0, β1]. (c) 0 < α < − c
2
2a , β ∈ (β1, β2). (d) 0 < α < − c
2
2a , β ↑ β2 .
(e) 0 < α < − c22a , β > β2 . (f) α = 0, β ∈ (0, β2). (g) α = 0, β ↑ β2 . (h) α = 0, β > β2 .
(i) 4c
2
a < α < 0, β ∈ (β1, 0]. (j) 4c
2
a < α < 0, β ∈ (0, β2). (k) 4c
2
a < α < 0, β ↑ β2 .
(l) 4c
2
a < α < 0, β > β2 . (m) α = 4c
2
a , β ∈ (β1, 0). (n) α = 4c
2
a , β ↑ 0.
(o) α = 4c2a , β ↑ 0. (p) α < 4c
2
a , β ∈ (β1, β2]. (q) α < 4c
2
a , β ∈ (β2, 0).
(r) α < 4c
2
a , β ↑ 0. (s) α < 4c
2
a , β > 0. (t) α = 0, β ∈ (0, β2).
Fig. 4. The graph of P(φ) as a < 0, b > 0.
(2) If− c22a < α < 0, we have the following.
(i) For β ∈ (0, β1], there exists a looped periodic wave solution.
(ii) For β ∈ (β1, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as
β ↑ β2, the looped periodic wave solution converges to a loopedwave solutionwith decay and the smooth periodic
wave solution converges to an anti-smooth wave solution with decay.
(iii) For β > β2, there exists a smooth looped periodic wave solution.
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(3) If α = 0, we have the following.
(i) For β ∈ (0, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as
β ↑ β2, the looped periodic wave solution converges to a looped wave solution with decay and the smooth periodic
wave solution converges to an anti-smooth wave solution with decay.
(ii) For β > β2, there exists a smooth looped periodic wave solution.
(4) If 0 < α < 4c
2
a , we have the following.
(i) For β ∈ (β1, 0], there exists a looped periodic wave solution.
(ii) For β ∈ (0, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as
β ↑ β2, the looped periodic wave solution converges to a loopedwave solutionwith decay and the smooth periodic
wave solution converges to an anti-smooth wave solution with decay.
(iii) For β > β2, there exists a smooth looped periodic wave solution.
(5) If α = 4c2a , we have the following.
(i) Forβ ∈ (β1, 0), there exists a smooth periodicwave solution.Moreover, asβ ↑ 0, the smooth periodicwave solution
converges to an anti-compacted solitary wave solution.
(ii) For β > 0, there exists a smooth looped periodic wave solution.
(6) If α > 4c
2
a , we have the following.
(i) For β ∈ (β1, β2], there exists a smooth periodic wave solution.
(ii) For β ∈ (β2, 0), there exist two types of smooth periodic wave solutions. Moreover, as β ↑ 0, the two smooth
periodic wave solutions converges to peaked periodic wave solution and anti-peaked periodic wave solution.
(iii) For β > 0, there exists a smooth looped periodic wave solution.
Case 3: a < 0, b > 0.
When a < 0 and b > 0, the graph of P(φ) has the following distribution.
Based on the above analysis, we have the following results.
(1) If α ≥ − c22a , for β > 0, there exists a smooth looped periodic wave solution.
(2) 0 < α < − c22a .
(i) For β ∈ (0, β1], there exists a looped periodic wave solution.
(ii) For β ∈ (β1, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as
β ↑ β2, the looped periodic wave solution converges to a loopedwave solutionwith decay and the smooth periodic
wave solution converges to an anti-smooth wave solution with decay.
(iii) For β > β2, there exists a smooth looped periodic wave solution.
(3) If α = 0, we have the following.
(i) For β ∈ (0, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as
β ↑ β2, the looped periodic wave solution converges to an anti-looped wave solution with decay and the smooth
periodic wave solution converges to a smooth wave solution with decay.
(ii) For β > β2, there exists a smooth looped periodic wave solution.
(4) If 4c
2
a < α < 0, we have
(i) For β ∈ (β1, 0], there exists a looped periodic wave solution.
(ii) For β ∈ (0, β2), there exist a looped periodic wave solution and a smooth periodic wave solution. Moreover, as
β ↑ β2, the looped periodic wave solution converges to an anti-looped wave solution with decay and the smooth
periodic wave solution converges to a smooth wave solution with decay.
(iii) For β > β2, there exists a smooth looped periodic wave solution.
(5) If α = 4c2a , we have the following.
(i) Forβ ∈ (β1, 0), there exists a smooth periodicwave solution.Moreover, asβ ↑ 0, the smooth periodicwave solution
converges to a compacted solitary wave solution.
(ii) For β > 0, there exists a smooth looped periodic wave solution.
(6) If α < 4c
2
a , we have the following.
(i) For β ∈ (β1, β2], there exists a smooth periodic wave solution.
(ii) For β ∈ (β2, 0), there exist two types of smooth periodic wave solutions. Moreover, as β ↑ 0, the two smooth
periodic wave solutions converges to peaked periodic wave solution and anti-peaked periodic wave solution.
(iii) For β > 0, there exists a smooth looped periodic wave solution.
Case 4: a < 0, b < 0.
When a < 0 and b < 0, the graph of P(φ) has the following distribution.
Based on the above analysis, we have the following results.
(1) If α ≥ − c22a , for any β, F(φ) is decreasing for φ < 4ca or φ > 4ca . Hence there are no bounded traveling wave solutions of
Eq. (1.2).
(2) If 0 < α < − c22a , for β ∈ (β2, β1), there exists a smooth periodic wave solution φ. Moreover, as β ↑ β1, the smooth
periodic wave solution φ converges to an anti-smooth wave solution with decay.
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(a) α ≥ − c22a . (b) α ≥ − c
2
2a , β ∈ (β2, β1). (c) α ≥ − c
2
2a , β ↑ β1 .
(d) α = 0, β ∈ (β2, 0). (e) α = 0, β ↑ 0. (f) 4c2a < α < 0, β ∈ (β2, 0).
(g) 4c
2
a < α < 0, β ↑ 0. (h) 4c
2
a < α < 0, β ∈ (0, β1). (i) 4c
2
a < α < 0, β ↑ β1 .
(j) α = 4c2a , β ∈ (0, β1). (k) α = 4c
2
a , β ↑ β1 . (l) α < 4c
2
a , β ∈ (0, β2).
(m) α < 4c
2
a , β ↑ β2 . (n) α < 4c
2
a , β ∈ (β2, β1). (o) α < 4c
2
a , β ↑ β2 .
Fig. 5. The graph of P(φ) as a < 0, b < 0.
(3) If α = 0, for β ∈ (β2, 0), there exists a smooth periodic wave solution φ. Moreover, as β ↑ 0, the smooth periodic wave
solution φ converges to an anti-peaked solitary wave solution where φ1 = 0.
(4) If 4c
2
a < α < 0, we have the following.
(i) For β ∈ (β2, 0), there exists a smooth periodic wave solution φ. Moreover, as β ↑ 0, the smooth periodic wave
solution φ converges to an anti-peaked periodic wave solution.
(ii) For β ∈ (0, β1), there exists an anti-cusped periodic wave solution. Moreover, as β ↑ β1, the cusped periodic wave
solution converges to an anti-cusped wave solution with decay.
(5) If α = 4c2a , for β ∈ (0, β1), there exists an anti-cusped periodic wave solution φ. Moreover, as β ↑ β1, the cusped
periodic wave φ converges to an anti-cusped wave solution with decay.
(6) If α < 4c
2
a , we have the following.
(i) Forβ ∈ (0, β2), there exists a looped periodicwave solution.Moreover, asβ ↑ β2, the looped periodicwave solution
converges to a looped wave solution with decay.
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(ii) For β ∈ (β2, β1), there exists an anti-cusped periodic wave solution. Moreover, as β ↑ β2, the cusped periodic wave
solution converges to an anti-cusped wave solution with decay.
Now we construct some strange composite waves. By Definition 2.2, any countable number of cusped waves, peaked
waves and compacted waves corresponding to the same value of α can be combined at points where φ = 4ca to form some
composite waves. If C = µ φ−1  4ca  = 0, the composite wave is a solution of Eq. (1.2). For α = 4c2a , the composite waves
are solutions of Eq. (1.2) even if µ

φ−1
 4c
a

> 0. Consequently, we can obtain towered waves which contain intervals
where φ = 4ca . In view of any countable number of wave segments can be joined together, one can get traveling waves with
very strange profiles, such as the traveling waves with a fractal appearance where µ

φ−1
 4c
a
 = 0.
4. Conclusions
An improved method is used to study the traveling wave solutions of the generalized Degasperis–Procesi equation. The
result shows that this equation admits abundant traveling wave solutions such as smooth waves, peaked waves, cusped
waves, compacted waves, looped waves and fractal-like waves. It also shows that periodic waves and other waves have
some relationship under certain parameter conditions. Based on the study, it might be concluded that the improvedmethod
is useful and efficient. It can be widely applied to other nonlinear wave equations.
Acknowledgments
The authors are very grateful to Jonatan Lenells for his kind help. The research was supported by the Tian Yuan Special
Funds of the National Natural Science Foundation of China (No. 11026169).
References
[1] A. Degasperis, M. Procesi, Asymptotic integrability, in: A. Degasperis, G. Gaeta (Eds.), Symmetry and Perturbation Theory, World Scientific, Singapore,
1999.
[2] J. Lenells, Traveling wave solutions of the Degasperis–Procesi equation, Journal of Mathematical Analysis and Applications 306 (2005) 72–82.
[3] C. Chen, M.Y. Tang, A new type of bounded waves for Degasperis–Procesi equation, Chaos, Solitons and Fractals 27 (2006) 698–704.
[4] Y. Matsuno, Cusp and loop soliton solutions of short-wave models for the Camassa–Holm and Degasperis–Procesi equations, Physics Letters A 359
(2006) 451–457.
[5] V.O. Vakhnenko, E.J. Parkes, Periodic and solitary-wave solutions of the Degasperis–Procesi equation, Chaos, Solitons and Fractals 20 (2004)
1059–1073.
[6] L.Q. Yu, L.X. Tian, X.D. Wang, The bifurcation and peakon for Degasperis–Procesi equation, Chaos, Solitons and Fractals 30 (2006) 956–966.
[7] L.X. Tian, G.L. Gui, Y. Liu, On the well-posedness problem and the scattering problem for the Dullin–Gottwald–Holm equation, Communications in
Mathematical Physics 257 (3) (2005) 667–701.
[8] J.L. Yin, L.X. Tian, Stability of peakons and linear dispersion limit for the periodic DGH equation, Journal of Mathematical Physics 51 (2) (2010) 023505.
[9] J.L. Yin, L.X. Tian, Stability of negative solitary waves of a new integrable modified Camassa–Holm equation, Journal of Mathematical Physics 51 (5)
(2010) 053515.
[10] J.L. Yin, L.X. Tian, Classification of traveling waves in the Fornberg–Whitham equation, Journal of Mathematical Analysis and Applications 368 (1)
(2010) 133–143.
